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We investigate Bspi
+ scattering in s-wave using lattice QCD in order to search for an exotic
resonance X(5568) with flavor b¯sd¯u; such a state was recently reported by D0 but was not seen by
LHCb. If X(5568) with JP = 0+ exists, it can strongly decay only to Bspi
+ and lies significantly
below all other thresholds, which makes a lattice search for X(5568) cleaner and simpler than for
other exotic candidates. Both an elastic resonance in Bspi
+ as well as a deeply bound B+K¯0 would
lead to distinct signatures in the energies of lattice eigenstates, which are not seen in our simulation.
We therefore do not find a candidate for X(5568) with JP = 0+ in agreement with the recent LHCb
result. The extracted Bspi
+ scattering length is compatible with zero within the error.
I. INTRODUCTION
The D0 collaboration reported evidence for a relatively
narrow peak in the Bspi
+ invariant mass not far above
threshold [1]. The peak was attributed to a resonance
X(5568) with mass mX = 5567.8 ± 2.9+0.9−1.9 MeV and
width ΓX = 21.9± 6.4+5.0−2.5 MeV with significance 5.1 σ,
while its quantum numbers were not measured. Its decay
to Bspi
+ implies exotic flavor structure b¯sd¯u. The LHCb
collaboration subsequently investigated the cross-section
as a function of the Bspi
+ invariant mass with increased
statistics and did not find any peak in the same region
[2].
If the state X(5568) with flavor b¯sd¯u and some JP
exists, it is unique among exotic candidates, as it can
strongly decay only in one final state Bspi
+ and is rel-
atively far below other thresholds. This allows for a
more reliable, cleaner and simpler theoretical search for
it within QCD, which will be elaborated below. Most no-
tably, the next threshold for most JP choices is B+K¯0,
which lies about 210 MeV above X(5568) and is there-
fore not expected to play a notable role for this state.
The only nearby threshold is B∗spi
+, which lies within
the width of X(5568) and it couples to this state only if
its quantum numbers are JP = 1−.
Most theoretical studies which accommodate a
X(5568) propose JP = 0+. A number of QCD sum-
rule studies do find X(5568) (for example [3–5]), but
these assume that a continuum of scattering states starts
above the isolated X(5568) pole, which is a questionable
approach for a resonance. Reference [6] finds X(5568)
as a B+K¯0 bound state, while all other works [7–10]
disfavor this option in view of the large binding energy
' 210 MeV. A state is also found within the tetraquark
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models [11, 12] and quark models [13], while other quark
model studies [14, 15] do not confirm it. The approaches
based on Hybridized Tetraquarks [16] and Unitarized Ef-
fective field theory [17, 18] do not favour its existence.
A number of physics scenarios were considered in [9, 10],
all disfavouring the X(5568).
In this paper we present the first study of Bspi
+ and
B+K¯0 scattering within lattice QCD in order to search
for theX(5568). We consider the channel JP = 0+ where
Bspi
+ and B+K¯0 are in s-wave, which is favoured by sev-
eral phenomenological studies (for example [3, 6, 11–13]).
The major simplification in the ab-initio lattice search
for X(5568) comes from the fact that it can strongly
decay only to Bspi
+, while the next relevant threshold
B+K¯0 is significantly higher. The task is therefore to
study elastic Bspi
+ scattering. During the last decade,
the lattice community has successfully demonstrated the
extraction of hadronic resonances that appear in elastic
scattering (see for example [19–23]) by determining the
scattering matrix using the so-called Lu¨scher formalism
[24, 25]. We apply the same well-established formalism
to determine whether Bspi
+ scattering has a resonant
or non-resonant shape. For completeness, we consider
both channels Bspi
+ and B+K¯0 coupled together, which
should render a lattice signature for X(5568) even if it
was predominantly a deeply bound B+K¯0 state. Note
that Bspi
+ scattering is elastic in the wide region below
B+K¯0, and there the well-tested formalism is reliable.
Section II provides an analytic prediction for the en-
ergies of lattice eigenstates in case an X(5568) claimed
by D0 existed. The technical details of simulation and
analysis are elaborated in Section III. The eigenenergies
from the actual simulation are presented in Section IV,
where a comparison to the analytic prediction is made.
We conclude that the results from the simulation do not
support the existence of X(5568) with JP = 0+.
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2II. EXPECTED SIGNATURES OF X(5568)
The lattice simulation determines the energies of QCD
eigenstates with given quantum numbers for finite spatial
size L. We consider the quantum numbers JP = 0+,
the flavor content b¯sd¯u, total momentum zero, while the
spatial size of our lattice is L ' 2.9 fm. Before presenting
the energies obtained from the simulation, we illustrate
what would be the distinct features in the spectrum if
X(5568) exists. We will argue that an eigenstate with
energy E ' mX is expected in a scenario with X(5568),
while there is no such eigenstate in absence of X(5568).
A. Resonance in Bspi
+
The X(5568) appears as a peak in the Bspi
+ invariant
mass and is naturally considered as an elastic resonance
in Bspi
+, whatever the origin of this exotic state may be.
The hypothesis with and without a resonance lead to
very distinct spectra of eigenenergies, as shown by solid
and dashed lines in Figure 1. In case Bs and pi
+ do not
interact, they have back-to-back momenta p = 2pin/L
due to the periodic boundary conditions in space, and
the energies of Bs(n)pi
+(−n) eigenstates (momenta in
units of 2pi/L are given in parentheses)
En.i.(L) =
√
m2Bs +
(
2pin
L
)2
+
√
m2pi +
(
2pin
L
)2
, n ∈ N3
(1)
are represented by the dashed orange lines. The red solid
lines represent the expected energies of the Bspi
+ system
in case of a resonance X(5568). They result from the
resonant Breit-Wigner-type phase shift
δBspi(p) = atan
[
E Γ(E)
m2X − E2
]
, Γ(E) = ΓX
p(E)m2X
p(mX)E2
,
(2)
where mX and ΓX are the observed mass and width of
X(5568) [1]. The (infinite-volume) elastic phase shift
δ(E) and the discrete energies of eigenstates E on the
lattice of size L are related via the rigorous Lu¨scher’s
relation [24, 25]
δBspi(p) = atan
[ √
pipL
2Z00(1; (pL/2pi)2)
]
(3)
where E(p) =
√
m2Bs + p
2 +
√
m2pi + p
2 .
The eigen-energies E in the scenario with X(5568) are
obtained by inserting the resonant phase shift (2) to the
left-hand-side of (3) and solving for discrete p, which
gives E. The resulting discrete eigen-energies E(L) are
shown for a range of L by the red curves in Figure
1. The resonant scenario predicts an eigenstate near
E ' mX (red solid), while there is no such eigenstate for
L = 2−4 fm in a scenario with no or small interaction be-
tween Bs and pi
+ (orange dashed). These are distinct and
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FIG. 1. Analytic predictions for energies E(L) of eigenstates
as a function of lattice size L: red solid lines are Bspi eigen-
states in the scenario with resonance X(5568) [1]; orange
dashed lines are Bspi eigenstates when Bs and pi do not in-
teract; blue dot-dashed lines are B+K¯0 eigenstates when B+
and K¯0 do not interact; the grey band indicates the position
of X(5568) from the D0 experiment [1]. Physical masses of
hadrons are used. The lattice size L = 2.9 fm, that is used in
our simulation, is marked by the vertical line.
robust features in the spectra, which do not get modified
for different parametrisations in the resonant scenario, or
for different interaction in the non-resonant scenario.
At and above the B+K¯0 threshold, these states also
appear as eigenstates and will be considered in our sim-
ulation. For our lattice parameters X(5568) is far below
B+K¯0 threshold and one would not expect a strong in-
fluence from that channel unless the dynamics leads to a
really strong coupling. The dot-dashed blue lines show
the energies of non-interacting B+(n)K¯0(−n) in the limit
when both channels are decoupled.
B. Deeply bound B+K¯0
Next we consider the unlikely scenario where the
X(5568) is a very deeply bound B+K¯0 state, in the limit
where it is decoupled from Bspi
+. Then a simulation
would render an eigenstate with E ' mX up to exponen-
tially small correction in L, with limL→∞E(L) = mX .
In addition there would be almost non-interacting states
Bs(n)pi
+(−n) and B+(n)K¯0(−n) near orange and blue
lines, respectively. For the simulated L ' 2.9 fm, the
number of eigenstates is therefore the same as for the
resonant scenario. The values of expected energies are
also similar, up to the small energy shifts. This remains
true in a scenario with a deeply bound B+K¯0 state which
also couples to Bspi
+.
3III. LATTICE SIMULATION DETAILS
A. Gauge configurations
We employ gauge configurations from the PACS-CS
collaboration, with Nf = 2 + 1 dynamical quarks, lattice
spacing a = 0.0907(13) fm, V = 323×64, L ' 2.9 fm and
mpi = 156(7)(2) MeV [26]. Our own fit for the pion mass
yields a somewhat larger value of 162.6(2.2)(2.3)MeV.
The light and strange quarks are non-perturbatively im-
proved Wilson fermions.
Closer inspection of that ensemble shows that there
are a few configurations responsible for a strong fluctua-
tion of the pion mass. In our analysis we consider both
the full set of gauge configurations and a subset where
four configurations 1 leading to strong fluctuations in the
pion mass are removed. This results in a pion mass for
the subset roughly 6 MeV larger than quoted above. We
demonstrate below that our final conclusions are inde-
pendent of this choice.
B. Quark mass parameters
For the light up/down quarks the mass parameter of
the original simulation is used [26]. For the strange quark
we use a partially quenched setup with the valence mass
mvals closer to the physical point than the dynamical sea
quark mass mdyns [26], leading to mK = 504(1)(7) MeV
[27]. The bottom quark is treated as a valence quark
using the Fermilab method [28, 29], where the kinetic
masses (M2) are tuned to experiment and the energy dif-
ferences are less prone to discretization effects compared
to the energies themselves. The bottom quark mass is
fixed as discussed in [30] which renders a spin-averaged
kinetic mass 14 (M
Bs
2 + 3M
B∗s
2 ) = 5.086(135)(73) GeV
somewhat smaller than in experiment Eexp
Bs
= 14 (mBs +
3mB∗s ) = 5.4032(18) GeV. The mass splittings of various
hadrons containing a b-quark are in good agreement with
experiment (see Table II of [30]).
C. Dispersion relations
Here we discuss the dispersion relation between en-
ergy, mass and momentum of the pion and Bs. This is
needed to determine the s-wave scattering length a0 for
Bspi scattering from the ground state lattice energy E
lat
gr
using Lu¨scher’s relation [24, 25]. The momentum pgr is
obtained from Elatgr = Epi(pgr) + EBs(pgr). For the pion
we use the relativistic dispersion relation
Epi(p) = (m
lat
pi + p
2)1/2 (4)
1 The PACS-CS configurations leading to largest fluctionations
are hM-001460, jM-000260, jM-000840 and jM-000860.
and for the heavy meson Bs the Fermilab dispersion re-
lation [28, 29]
EBs(p) = M1 + p
2/(2M2)− p4/(8M34 ) . (5)
The values M1 = 1.61246(54), M2 = 2.298(70) and
M4 = 1.59(54) have been determined in [30] by mea-
suring EBs(p) for several small values of p on our lattice.
These are the values for the correlated fits with all gauge
configurations. When excluding close to exceptional con-
figurations we redo the whole analysis with the reduced
set.
Within the Fermilab approach, the rest masses have
large discretization effects but mass differences are ex-
pected to be close to physical [31] and can be compared to
experiment. In order to compare the splitting Elat−m¯lat
with Eexp − m¯exp, we will sometimes plot
E = Elatn − ElatBs + E
exp
Bs
(6)
where Elat
Bs
is the spin-averaged ground state energy of
the Bs system from our simulation and E
exp
Bs
is the cor-
responding physical energy 14 (mBs + 3mB∗s ) from exper-
iment.
D. Lattice operators
To determine the energies of a system with JP = 0+
and total momentum zero, we employ six interpolating
fields2 of meson-meson type, where each meson is pro-
jected to a definite momentum:
O
Bs(0)pi(0)
1,2 =
[
b¯Γ1,2s
]
(p = 0)
[
d¯Γ1,2u
]
(p = 0) (7)
O
Bs(1)pi(−1)
1,2 =
∑
p=±ex,y,z 2pi/L
[
b¯Γ1,2s
]
(p)
[
d¯Γ1,2u
]
(−p)
O
B(0)K(0)
1,2 =
[
b¯Γ1,2u
]
(p = 0)
[
d¯Γ1,2s
]
(p = 0)
with Γ1 = γ5 and Γ2 = γ5γt.
One could use also local or quasi-local diquark-
antidiquark operators, for example [b¯Cγ5d¯]3c [sCγ5u]3¯c ,
but these can be expressed via Fierz transfor-
mations as
∑
iM
i
1(p)M
i
2(−p) , where M i1M i2 =
Bspi,B
∗
sρ,Bs1a1, BK,B
∗K∗, B1K1, ... (see [32] for a de-
tailed discussion).
The Bspi and BK are the essential ones for the en-
ergy region near X(5568) and are already included in our
choice (7). It remains to be seen if structures with signif-
icantly separated diquark and antidiquark [33] could be
also be probed3 by meson-meson operators like (7), or if
specific implementation of those is needed.
2 The interpolators transform according to the A+1 irreducible rep-
resentation of discrete group Oh.
3 In view of this, we note that the conclusions of our previous
studies of X(3872), Y(4140) [32] and Z+c [34] apply to (quasi)
local [qq][q¯q¯], but they do not apply to the case of significantly
separated [qq] and [q¯q¯].
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FIG. 2. The effective energies Eeff (t) ≡ log(λ(t)/λ(t + 1)) and the curves due to our eigenvalue fits over the fit range
6 ≤ t ≤ 24 for the cases “all,A” (top panes) and “all-4,A” (bottom panes) defined in the caption of Figure 3. From left to right
the plots show the ground state, first excited state and second excited state. The fit model (11) was used for the ground state,
while the form (10) was employed for the higher states. The correlated (uncorrelated) fits are shown by red (blue) curves.
E. Correlation matrix and eigenenergies
The energies En of eigenstates |n〉 are obtained from
the correlation matrix
Cjk(t) = 〈Ω|Oj(t′ + t)O†k(t′)|Ω〉 =
∑
n
Znj Z
n∗
k e
−Ent
(8)
which also contains the information on the overlaps Znj ≡
〈Ω|Oj |n〉.
All quark lines run between source and sink, there are
no “backtracking” loops. There are only two diagram
types: (a) (Bs ↔ Bs)(pi ↔ pi) and (B ↔ B)(K ↔ K)
and (b) Bspi ↔ BK where the s and u quarks exchange
partners. The Wick contraction gives for (a) a product
of two traces, for (b) only one trace.
The correlation matrix elements are calculated using
the stochastic distillation method proposed in [35]. In the
distillation method [36] the quark fields in the interpola-
tors are smeared according to q ≡ ∑Nvk=1 v(k)v(k)†qpoint;
in the stochastic version [35] one uses random combina-
tion of the sources. We use Nv = 192 eigenvectors of
the lattice laplacian v(k) reducing them to 16 combina-
tions. The method is convenient for calculating a variety
of Wick contractions. The details of our implementaion
are presented in [27] where we apply it to Ds states.
Energies En and overlaps Z
n
j are extracted from the
correlation matrix Cjk(t) using the generalized eigenvalue
method [37–40]
C(t)u(n)(t) = λ(n)(t)C(t0)u
(n)(t) , (9)
where λ(n)(t) ∝ e−Ent at large t. Correlated and uncor-
related fits to λ(n)(t) are used and t0 = 2.
F. Choice of operator subsets
Although we compute the full 6× 6 correlation matrix
we attempt to minimize the statistical noise by choosing
subsets of most important operators. The guiding princi-
ple is the stability of the overlap factors Zin(t) over the fit
range and the statistical noise of the eigenvalues. From
the overlap factors we identify the dominantly contribut-
ing lattice operators to each eigenstate.
G. Energy fits
Ideally the eigenvalues follow a pure exponential be-
haviour. Due to the limited set of operators there are
contaminating contributions from higher excitations at
small propagation distances. The finite-time effects (like
backward propagation) due to the anti-periodic bound-
ary conditions in time and nT = 64 are important for
large distances and even more for light particles. For this
reason one chooses a fit model that, in addition to the
leading exponential form, allow for such contributions.
5For larger energies and propagation distances much
less than nT /2 the finite size effects are negligible and
we fit λ(t) to
f(t) = a1 e
−E1 t + a2 e−E2 t (10)
ensuring that E1 < E2. The second term effectively rep-
resents possible higher excitation visible at small t values,
allowing for a larger fit range. We use this form for eigen-
states above the ground state.
For two-meson eigenstates with light particles and long
propagation time one has to choose a form that can repre-
sent also (a) the propagation back in time, (b) the prop-
agation of one meson in one direction and the second me-
son in the opposite direction of time (see, e.g., Appendix
in [41]). In our study this concerns the Bspi ground state
and we use
f(t) = a1
(
e−E1 t + e−E1 (nT−t)
)
(11)
+a2
(
e−E2 t + e−E2 (nT−t)
)
+a3
(
e−mpit−mBs (nT−t) + e−mBs t−mpi(nT−t)
)
(again checking that E1 < E2) and where mpi and mBs
have been determined from the corresponding single-
meson correlators (see Subsection III C).
Figure 2 gives an example of these fits showing the
effective energies Eeff (t) ≡ log(λ(t)/λ(t + 1)) and our
fits, where fit range is determined based on χ2/d.f.. The
errors-bars of the final energy values correspond to statis-
tical errors obtained using single-elimination jack-knife.
H. Scattering length
We determine the s-wave scattering length a0 for Bspi
scattering from the ground state energy Elatgr on the lat-
tice using Lu¨scher’s relation [24, 25]
aBspi0 ≡ lim
p→0
1
p cot δ(p)
=
√
piL
2Z00(1; (pgrL/2pi)2)
(12)
The momentum pgr is obtained as discussed earlier in
Subsection III C.
IV. RESULTS
We aim to determine the energies of eigenstates for the
system with flavor b¯sd¯u, JP = 0+ and total momentum
zero, and compare them to analytic predictions for the
scenarios in the previous section.
As mentioned above, we present the final energies as
E = Elatn − ElatBs + E
exp
Bs
. The upper pane of Figure 3
shows the results for the energy levels from correlated
(full symbols) and uncorrelated (open symbols) fits to
the t-dependence for the three lowest eigenstates for two
choices of interpolator basis (A and B) and two set of
5.4
5.5
5.6
5.7
5.8
5.9
E 
[G
eV
]
all 
A
all 
A
all-
4 A
all-
4 A
all-
4 B
all-
4 B
choice
-0.2
0
0.2
a 0
 
[fm
]
FIG. 3. The eigenenergies of the b¯sd¯u system with JP = 0+
from a lattice simulation for various choices. The horizontal
lines show energies of eigenstates Bs(0)pi
+(0), B+(0)K¯0(0)
and Bs(1)pi
+(−1) in absence of interactions. The energies
E = Elatn − ElatBs + E
exp
Bs
are shown, where the spin-averaged
ground state is set to its physical value. The sets with full
symbols are from correlated fits to the t-dependence for Bspi
states while open symbols result from uncorrelated fits. No-
tation “all” refers to the full set of gauge configurations while
“all-4” refers to the set with four (close to exceptional) gauge
configurations removed. Set A is from interpolator basis
O
Bs(0)pi(0)
1 , O
Bs(1)pi(−1)
1 , O
B(0)K(0)
1 while set B results from a
larger basis O
Bs(0)pi(0)
1 , O
Bs(1)pi(−1)
1,2 , O
B(0)K(0)
1,2 .
gauge configurations (“all” and “all-4”). While there is a
visible difference between those choices for single energy
levels, the extracted value for the Bspi scattering length
displayed in the bottom pane of Figure 3 is largely in-
dependent of these choices. Furthermore none of these
variations lead to an energy level in close vicinity to the
X(5568).
Our final results for the eigenenergies of the b¯sd¯u sys-
tem with JP = 0+ obtained from our simulation are pre-
sented in Figure 4a (correlated fit, choice “all A” from
Figure 3). The circles in Figure 4b show the analytic
predictions for the spectrum at our L = 2.9 fm if a reso-
nance X(5568) exists (same as in Figure 1). The analytic
prediction based on X(5568) renders an energy level near
E ' mX ∼ 5.57 GeV, which is not observed in the ac-
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FIG. 4. (a) The eigenenergies of the b¯sd¯u system with
JP = 0+ from our lattice simulation and (b) an analytic pre-
diction based on X(5568), both at lattice size L = 2.9 fm.
The horizontal lines show energies of eigenstates Bs(0)pi
+(0),
B+(0)K¯0(0) and Bs(1)pi
+(−1) in absence of interactions; mo-
menta in units of 2pi/L are given in parenthesis. The pane
(a) shows the energies E = Elatn −ElatBs +E
exp
Bs
with the spin-
averaged Bs ground state set to its experiment value. The
pane (b) is based on the experimental mass of the X(5568)
[1], given by the grey band, and experimental masses other
particles.
tual simulation (left figure). Results of our simulation
therefore do not provide support for the existence of an
X(5568) resonance with JP = 0+ in Bspi scattering. The
scenario of X(5568) as a deeply bound B+K¯0 also would
render an energy level near E ' mX , so this scenario is
also not supported by the simulation.
The spectrum from the simulation is closer to the non-
interacting limit indicated by the horizontal lines in Fig-
ure 4, indicating a rather weak interaction. These lines
show energies mBs +mpi, mB +mK and EBs(1) +Epi(−1)
of the relevant two-meson states Bs(0)pi(0), B
+(0)K¯0(0)
and Bs(1)pi(−1) in absence of interactions: in pane (a)
the lines show the sum of single-particle energies obtained
from the simulation, while pane (b) is based on the ex-
perimental masses. The lowest and highest eigenstates
|n〉 have large overlap 〈O|n〉 with the OBspi interpolator
(red) and the middle state has large overlap with the
OBK interpolator (blue), which confirms their identifica-
tion.
The resulting Bspi scattering length a0 (cf. Section
III H) is small and compatible with zero within errors,
as displayed in Figure 3. Our result is compatible with
aDspi0 = −0.002(1) fm obtained for a similar channel Dspi
from their ground eigenstate [42]. Using the value from
reference [42, 43] as an input, the Chiral perturbation
theory (ChPT) [44] for Bspi and Unitarized ChPT [45]
for Dspi also leads to a very small scattering length in
agreement with our lattice result.
V. CONCLUSIONS
If the exotic state X(5568) → Bspi+ observed by D0
exists, it could be one of the easiest exotic candidates
to establish on the lattice. The state X(5568) with the
most natural quantum number JP = 0+ would represent
a resonance in elastic Bspi
+ scattering, significantly
below the next relevant threshold B+K¯0. We presented
the first simulation of Bspi
+ scattering in the channel
JP = 0+, aiming to search for possible exotic resonances
close to the threshold. For completeness we took into
account also the B+K¯0 channel, which has a threshold
210 MeV above X(5568). In a system with a resonance,
Lu¨scher’s formalism predicts an eigenstate with E ' mX
if X(5568) exists, while such an eigenstate is not found
in our simulation. Our results therefore do not support
the existence of X(5568) with JP = 0+. Instead, the
results appear closer to the limit where Bs and pi do not
interact significantly.
Node added: After this manuscript appeared as
preprint, the analytic study [46] presented the finite-
volume spectrum in this channel based on the Unitarized
ChPT [45]. Their analytic conclusion agrees with our
conclusion from the lattice simulation.
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